Introduction
Let K = Q( √ −m) be an imaginary quadratic field, where m is a squarefree positive integer. Let R be an order of K of conductor f 0 with a basis {1, ω} over Z. We denote by d(R) and h(R) the discriminant and the class number of R respectively. Let f be the smallest positive integer such that f √ −m ∈ R. Then we have f = f 0 /2 (resp. f 0 ) if m ≡ 3 mod 4 and f 0 is even (resp. otherwise). Let E be an elliptic curve with complex multiplication by R and denote by j(E) the j-invariant of E. We may assume that E is defined by a Weierstrass equation: y 2 = x 3 + Ax + B, A, B ∈ F = Q(j(E)). First, we introduce the notation used in the follwing. For an endomorphism λ of E, the kernel of λ is denoted by E[λ]. For a prime ideal p of F , we denote by ℓ p the relative degree of p over Q. If E has good reduction at p, then we denote by ∼ E p the reduction of E modulo p. For a point P of E we denote by P ∼ the reduction of P modulo p. Further we denote by ϕ p the Frobenius endomorphism of ∼ E p and by a p (E) the trace of ϕ p . By F q , we denote the finite field of q-elements. If ∼ E p is defined over F q , then
denotes the group of F q -rational points of ∼ E p . Now let p be an odd prime number and p a prime ideal of F dividing p. Let us assume that p and p satisfy the following condition:
(1) p splits completely in K, p is prime to f and E has good reduction at p.
Then by complex multiplication theory (cf. II of Silverman [11] ), we know that E has ordinary good reduction at p and the endomorphism ring of ∼ E p is isomorphic to R (cf. Theorem 12 of 13.4 of Lang [6] ). Further K(j(E)) is the ring class field of K of conductor f 0 (cf. §9 of Cox [3] ). Since p is of relative degree ℓ p , there exist positive integers u p and v p such that
By the assumption, we may write ϕ p = (a p (E) + b p (E)f √ −m)/2 = α + βω, where b p (E), α and β are integers. It is known that the group ∼ E p (F p ℓ p ) is of order N p (E) = p ℓp +1−a p (E) and is isomorphic to the group Z/(N p (E)/d)Z⊕ Z/dZ, where d is the greatest common divisor of α − 1 and β. On the other hand, if d(R) < −4, then we have easily a p (E) = ǫ p u p , where ǫ p = 1 or − 1. It is easy to find u p for a given number 4p ℓp such that 4p ℓp = u 2 p + mf 2 v 2 p , (u p , p) = 1. Therefore if we determine ǫ p , then we can compute the numbers N p (E) and d rapidly. The problem to detemine ǫ p in the case h(R) = 1 has been solved by A.R. Rajwade, A. Joux-F. Morain and others. See A. Joux and F. Morain [5] for the references of their results. In the case h(R) = 2, this problem is solved only for one case of the order of discriminant −20, by F. Leprévost and F. Morain [7] , using the results of B.W. Brewer [1, 2] for the character sum of Dickson polynomial of degree 5.
The purpose of this article is to determine ǫ p for an elliptic curves E having complex multiplication by R and for prime ideals p of F satisftying (1), where R are orders such that h(R) = 2 or 3 and mf 2 is divided by at least one of 3, 4 and 5. Thus R are orders of discriminant Further we assume that j(E) is real to avoid tedious argument. Our idea to solve the problem is as follows (for details see §2). Let s be a divisor of f 2 m and assume s ≥ 3. We find a F -rational cyclic subgroup C s of E[f √ −m] of order s and take a generator Q of C s . Consider the Frobenius isomorphism of σ p of p. Then F -rationality of C s shows
This shows that a p (E) ≡ 2r p mod s. Therefore the number ǫ p is determined by the condition ǫ p u p ≡ 2r p mod s. This argument reduces our original problem to a problem of finding a point Q and of determining r p for a given prime ideal p. In §2, we give auxiliary results to find the cyclic sbgroup C s and a generator Q. If s is an odd prime number, then we show, in Proposition 3 of §2, that the s-division polynomial Ψ s (x, E) of E has a unique F -rational factor H 1,E (x) of degree (s − 1)/2 and that the point Q is obtainable from a solution of H 1,E (x) = 0. In §3 we determine r p for the case f 2 m is divided by 3 or 4 and in §4 for the case f 2 m is divided by 5. Though we deal with a specified elliptic curve E for each order R, a similar result is easily obtained for any elliptic curve E ′ of the j-invariant j(E), because E ′ is a quadratic twist of E and a p (E ′ ) is the product of a p (E) and the value at p of the character corresponding to the twist.
In the following, we assume any elliptic curve is defined by a short Weierstrass equation. 
Let f be odd and m ≡ 3 mod 4. Then R = Z⊕f ωZ, where
This shows that {f 2 m, ξ} is a basis of f √ −mR over Z. Since {1, ξ} is a basis of R over Z, R/f √ −mR is a cyclic group of order f 2 m. The assertion for the other cases is easily obtained. Lemma 1. Let r be a fixed prime number. Then there exist infinitely many prime numbers of the form u 2 + v 2 f 2 m, where u and v are integers and v is prime to r.
Proof. Consider the ideal groups G 0 and P 0 of K such that
Then P 0 is a subgroup of G 0 of finite index and by Tshebotareff's density theorm, in each factor class there exist infinitely many prime ideals of degree 1. Let γ = u 0 + v 0 f √ −m such that ideal (γ) ∈ G 0 and u 0 , v 0 ∈ Z and further v 0 is prime to r. Then every integral ideal of the class (γ)P 0 has a generator of the form
. Thus we have our assertion.
In the following, let p be an odd prime number and p a prime ideal of F dividing p and assume that p and p satisfy the condition (1).
where [F q (α) : F q ] denotes the degree of the field F q (α) over F q .
Proof. By the assumption, ∼ E p is defined over F q . First we assume the Frobenius endomorphism ϕ p is given by ϕ p = (u + vf √ −m)/2, if necessary, after
By the assumption, k, u and v are prime to s. Therefore we conclude
In the case ϕ p = u + vf √ −m, the same argument holds true.
is the product of two F q -rational polynomials h 1 (x) and h 2 (x) such that h 1 (x) is of degree (s−1)/2 and the degree of every irreducible factor of h 2 (x) is divided by s. Further the solutions of h 1 (x) = 0 consist of all distinct x-coordinates of non-zero points in
Proof. Since p is prime to f 2 m, by Proposition 1,
is a F qrational cyclic group of order s. Thus if we put h 1 (x) = α (x − α), where α runs over all distinct x-coordinates of non-zero points in 
Then the x-coordinates x 1 and x 2 of Q 1 and Q 2 are all F q -rational solutions of Ψ 4 (x,
Then, of two elements x 1 and x 2 , only x 1 satisfies the relation (h(x 1 )/p) = (−1) (u−1)/2 ,where ( /p) denotes the Legendre symbol for p.
Thus we have
Since [2] (Q 1 ) is the only one point of degree 2 in
. This shows that S equals to one of ±Q 1 and ±Q 2 . Therefore α equals to x 1 or x 2 . Let P = (x, y) be a point of
Therefore we have (h(x)/p) ≡ u mod 4 if and only if
P ∈ ∼ E p [f √ −m].
2.2.
Let s be a positive divisor of f 2 m and s ≥ 3. By Proposition 1, there exists a unique subgroup
is F -rational, C s is F -rational and the field M is an abelian extension over F . By class field theory, the Galois group G of M over F is isomorphic to an ideal class group G of F . For an ideal class C ∈ G, let σ C be the isomorphism of G corresponding to C. Then we have Theorem 1. Let C be the class represented by p and
Since p is prime to s, Q ∼ is of order s.
. This shows the remaining assertion.
Proof. Since we have 4p
By the similar argument in the last part of Lemma 3, we have our assertion.
is of degree (s − 1)/2 and every irreducible factor of H 2,E (x) is of degree s. Further the solutions of H 1,E (x) = 0 consist of all distinct x-coordinates of non-zero points of C s .
Proof. Let H 1,E (x) = t (x − t), where t runs over all distinct x-coordinates of non-zero points of C s . Since C s is F -rational, we see H 1,E (x) is F -rational of order (s−1)/2 and clearly it divides Ψ s (x, E). By Lemma 1, we can choose an odd prime p and a prime ideal p dividing p such that they satisfy (1) and p is of the form p = u 2 + v 2 f 2 m, (v, s) = 1, and further the reduction of
with the basis {P, Q}, G 1 is identified with a subgroup of the group
Consider the subgroups of G 0 :
Then we see G 0 = HN, G 0 ⊲ N and H ∩ N = {1 2 }, where 1 2 is the unit matrix. Since the order of N is s and s is prime, we know that
Let Ω be the set of all subgroups of order s of E[s]. Then Ω consists of s + 1 elements and G 1 operates on Ω. By Corollary 1, the degree of every irreducible factor of H 2,E (x) = Ψ s (x, E)/H 1,E (x) is divided by s. Thus we know C s is one and the only one fixed point of G 1 . First let us consider the case G 1 ⊃ N. Then we have
Since H 1 is the fixed subgroup of < P >, the orbit of < P > consists of s elements. Therefore Ω decomposes into two orbits. In particular, for each n, 1 ≤ n ≤ (s − 1)/2, the x-coordinate of [n]P has s conjugates over F . Thus every irreducible factor of H 2,E (x) is of degree s. Next consider the case
Then the order of G 1 is a divisor of 2(s − 1) and is prime to s. Since the order of a matrix
dose not contain the matrices of this form. Therefore there exists a λ ∈ F s such that G 1 is contained in the subgroup
This shows < P + (λ/2)Q > is a fixed point. Thus we have a contradiction.
and T is a poinf of E such that [2] (Q) = [2] (T ) and T = ±Q, then the x-coordinates x Q and x T of Q and T are all F -rational solutions of Ψ 4 (x, E)/y = 0.
Proof. Using Lemma 3 instead of Lemma 2 and tracing the argument in the first part of Proposition 2, we have the assertion.
In §4, to study the ideal class groups of F corresponding to the fields L and M, we must determine conductors f L and f M of abelian extensions L and M over F . In next lemma, we shall give some results for the conductors. For a prime ideal q and an integral ideal a of F , we denote by e q (a) the maximal integer m such that m ≥ 0 and q m dividing a.
Lemma 4. Let Q be a point of E of order s. Assume that s is an odd prime number, s > 3 and Q generates a F -rational subgroup < Q >. Let L, M, f L and f M be as above. If q is a prime ideal of F prime to (2s), then
Proof. Since L is a subfield of M, we have e q (f L ) ≤ e q (f M ). If E has good reduction at q, then Néron-Ogg-Shafarevich criterion (cf.Proposition 4.1 of VII of Silverman [10] ) shows that e q (f M ) = 0. We shall prove e q (f M ) > 0 implies e q (f L ) > 0. Assume that e q (f M ) > 0 and e q (f L ) = 0, thus, assume that q is ramified in M and is unramified in L. Let Q be a prime ideal of M dividing q and M Q the completion of M with respect to Q. Further we denote by k M the residue field of Q. Let E 0 , E 1 and ∼ E ns be the groups defined in VII of Silverman [10] . Since E has additive reduction at q, by Theorem 6.1 of VII of [10] we have [E(M Q
Since the characteristic of k M is prime to 2, Proposition 5.1 of VII of [10] shows Q ∼ = 0. Therefore by Proposition 2.1 of VII of [10] , we know Q ∈ E 1 (M Q ). Consequently, by Proposition 3.1 of VII of [10] , we have Q = 0. This contradicts that Q = 0.
Finally for s = 3, 4, 5, we list s-division polynomials Ψ s (x, E):
3. The case f 2 m is divided by 3 or 4 Let s = 3 or 4. Assume that s|f 2 m. Let Q = (x Q , y Q ) be a point of E[f √ −m] of order s . By Propositions 2 and 3, we know x Q ∈ F . We may write y 2 Q = w 2 α E such that w ∈ F × , α E is an integer of F and ideal(α) has no square factors. In the following, let p be an odd prime number and p a prime ideal of F dividing p and assume they satisfy the condition (1). Then there exist positive integers u p and v p such that 4p
Theorem 2. Let u p and v p be as above. If we choose ǫ p ∈ {±1} such that
Thus by Theorem 1, we have our assertion. It is noted that u p can be odd only in the case s = 3.
Let E 0 be an elliptic curve defined by a Weierstrass equation:
. If E 0 is isomorphic to E over an extension F 0 over F , then there exists an element δ ∈ F 0 such that A 0 = δ 4 A, B 0 = δ 6 B. Since j(E) = 0, 1728, we know that A, B, A 0 and B 0 are not 0 and δ 2 ∈ F . Therefore we may put α E 0 = δ 2 α E . In particular we obtain Theorem 3. Let E * be the twist of E defined by the equation
Further assume that E * has good reduction at p. Let u p and v p be as above. If we choose ǫ p ∈ {±1} such that ǫ p (u p /2) ≡ 1 mod s, then we have a p (E * ) = ǫ p u p .
The j-invariants of elliptic curves with complex multiplication by R are solutions of the class equation H |d(R)| (x) = 0 of discrimint d(R) (cf. §13 of Cox [3] for the class equations). In the following, we shall use the table of class equations prepared by M.Kaneko. We shall gives a canonical elliptic curve E with complex multiplication by R and compute α E in subsections 3.1 and 3.2 for the cases s = 3 and 4 respectively.
The case s = 3
We shall explain the process to obtain a canonical elliptic curve E in the case d(R) = −15. At first we take a solution j 1 = (−191025 + 85995 √ 5)/2 of the equation:
Let E 1 be the elliptic curve defined by the equation:
Then the j-invariant of E 1 is equal to j 1 . By considering twists of E 1 by elements √ n, n ∈ F = Q( √ 5), we find an elliptic curve E such that coefficients A and B of an equation y 2 = x 3 + Ax + B of E are integers of F and further the absolute value of the norm of the square factor of A is as small as possible. In this case, we take n = 2 2 37(4 + √ 5)/( √ 5(4 − √ 5)). Therefore we see A = A 1 n 2 = 105 + 48 √ 5, B = B 1 n 3 = −784 − 350 √ 5 and
This shows x Q = 6 + 3 √ 5 and y 2 Q = 2 4 ((1 + √ 5)/2) 11 . Finally we have Proposition 5. Let E be the elliptic curve defined by the equation
Then E has complex multiplication by the order of discriminant −15. For other cases, we give only results and deta nacessary to obtain the results. For each order R, the data consits of the class polynomial H |d(R)| (x), a solution j of H |d(R)| = 0, coefficients A and B of a Weierstrass equation of an elliptic curve E with j(E) = j, x Q , y 2 Q and α E . We list them in the follwing format:
The results and data for the case h(R) = 2 −24 x 2 − 4834944x + 14670139392 2417472 + 1707264 In this case, by Lemma 3 and Proposition 4, we know that x Q is one of two F -rational solutions of Ψ 4 (x, E)/y = 0 satisfying the condition given in the last part of Lemma 3. We shall explain the case d(R) = −32. We take a solution j = 26125000 + 18473000 √ 2 of H 32 (x) = x 2 − 52250000x + 12167000000 = 0 and consider an elliptic curve E with j(E) = j, defined by an equation:
Then Ψ 4 (x, E)/y = 0 has two F -rational solutions x 1 = 3+5 √ 2, x 2 = 9− √ 2. Consider a prime number p = 17 = 3 2 + 2 2 2 and a prime ideal
Then by counting the number of points of
For the cases d(R) = −64, −112, we know the class polynomials are:
In these cases by similar argument we have (E, α E ). We list our results in the next propositon.
4. The case mf 2 is divided by 5
We shall consider the orders R of discriminant d(R) = −20,−35,−40, −115, −235. These orders R are maximal and of class number 2. Further for any R, we know F = Q( √ 5). For a given order R, we consider an elliptic curve E, defined over F , with complex multiplication by R. Proposition 3 shows that Ψ 5 (x, E) has only one F -rational factor H 1,E (x) of degree 2 and for any solution x 1 of H 1,E (x) = 0, a point Q of E with x Q = x 1 is a generator of the group C 5 . Let L = F (x Q ) and M = F (Q)
Further if E has good reduction at q, then e q (f M ) = 0.
Proof. Since M is a cyclic extension of degree 4 over F , we have e q (f M ) ≤ 1 (cf. Serre [9] ). The other assertions are deduced from Lemma 4.
As for the prime ideal (
Proposition 7 shows, to avoid tedious computation in determining class groups, it is necessary to choose an elliptic curve E such that the number of prime factors of its discriminant is as small as possible. We shall explain the case d(R) = −235, because the other cases can be deduced from similar but much easier argument. We have
First we take a solution
We consider an elliptic curve E defined by an equation:
, j(E) = j and
where e = (1 + √ 5)/2. By solving the equation H 1,E (x) = 0, we obtain a generator Q of C 5 given by
, where t = 47 √ 5e −1 and π = 47e −1 (2115 − (211 + 23 √ 5)t). In particular we have L = F (t) and M = L(π). Next we shall determine conductors and ideal class groups of L and M. Since the maximal order of L has a basis {1, (1 + e −1 t)/2} over the maximal order of F , the discrimant of L over F is (e −1 t) 2 . This shows that f L = (47 √ 5). Since M is real and a conjugate field of M over Q is imaginary, Proposition 7 shows f M = (2 k · 47 √ 5)∞ 2 , where k ∈ Z, 0 ≤ k ≤ 2 and ∞ 2 is the infinite place of F corresponding to the conjugate embedding of F to Q. We have only to determine the 2-exponent k. See §3 of Hiramatsu and Ishii [4] for a method to calculate the 2-exponent of conductors. For a moment, we assume M is defined modulo (4·47 √ 5)∞ 2 . Let P be the ray class group of F modulo (4·47 √ 5)∞ 2 . Denote by P L and P M the subgroups of P corresponding to L and M respectively. Consider the ideal classes g, k and l of P represented by the principal ideals ((1 + 3 √ 5)/2), (46 + 47 √ 5) and (471) respectively. Then we see g is of order 276 and both k and l are of order 2. Further we have:
Let P 1 be the ray class group modulo (47 √ 5) and θ the canonical morphism of P to P 1 . Then P 1 is a cyclic group generated by θ(g) of order 138 and
This shows that P L =< g 2 , k, l >. Next we shall determine P M . Let ξ be the homomorphism of P to itself defined by ξ(a) = a 69 . Then ξ induces an isomorphism of P/P M to ξ(P)/ξ(P M ). Consider the prime numbers q 1 = 251 = 4 2 +235, q 2 = 431 = 14 2 + 235 and q 3 = 239 = 2 2 + 235 and prime ideals q 1 = (16 + √ 5), q 2 = ((43+5 √ 5)/2) and q 3 = ((31+ √ 5)/2) of F dividing q 1 , q 2 and q 3 respectively. In the following, for a prime ideal q of F , we denote by C(q) the class of P represented by q 69 . Then we know C(q 1 ), C(q 2 ) and C(q 3 ) belong to kl, k and ξ(g)k respectively. By counting the number of rational points of the reduced elliptic curve of E modulo q i , we have a q 1 (E) = −8, a q 2 (E) = −28 and a q 3 (E) = −4. Therefore, by Theorem 1, we know k, l ∈ P M and the class ξ(g)k corresponds to the isomorphism λ such that Q λ = [3] (Q). Since P M is a subgroup of P L of index 2, we conclude that P M =< g 4 , k, l >. In particular, P M does not contain the kernel < g 138 k, l > of the canonical morphism of P to the ray class group modulo (2 · 47 We shall give the data and results for other cases. In the below, put t m = m/( √ 5e) and denote by P the ray class group of conductor f M of F . Further, we denote by p and p an odd prime number and a prime ideal of F dividing p such that they satisfy the condition (1) for the given elliptic curve E.
where g 1 and g 2 are the classes of order of 4 and 2 represented by the ideals ((21 + √ 5)/2) and (11 + 2 √ 5). x Q = (10e + t m )/e 2 , y Q = 2e −2 t m 15e −1 + (40 − 11 
where f 1 , f 2 and f 3 are the classes represented by the ideals ((1+3 √ 5)/2), (24+ 23 √ 5) and (91) and the order of f 1 , f 2 and f 3 are 132, 2 and 2 respectively. Since the map ξ 1 : a → a 33 of P to itself induces an isomorphism of P/P M to ξ 1 (P)/ξ 1 (P M ) and f 0 = f 
